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Abstract
Let G be a finite group with two transitive permutation representations on the sets Ω1 and Ω2, respec-
tively. We are concerned with the case that the set of fixed-point-free elements of G on Ω1 coincides with
the set of fixed-point-free elements of G on Ω2. We prove that if G has nilpotency class 2 then the permu-
tation character π1 of G on Ω1 equals the permutation character π2 of G on Ω2. Furthermore, for these
groups we prove that the stabilizer of a point in Ω1 is conjugate, under an automorphism of G, to the stabi-
lizer of a point of Ω2. In Section 3 we present the following conjecture: Let G act primitively on Ω1 and on
Ω2 and assume that the set of fixed-point-free elements of G on Ω1 coincides with the set of fixed-point-
free elements of G on Ω2. Then the permutation character π1 of G on Ω1 and the permutation character
π2 of G on Ω2 are comparable, i.e., if π1 = π2 then either π1 −π2 or π2 −π1 is a character. We show that
if the conjecture is false, then a minimal counterexample must be an almost simple group. Further results
concerning other classes of groups are presented.
© 2006 Elsevier Inc. All rights reserved.
1. Introduction
Let G be a finite transitive permutation group on the set Ω . If g lies in G we shall denote
by fixΩ(g) the set of fixed points of g, namely fixΩ(g) = {α ∈ Ω | αg = α}. We say that g is a
fixed-point-free element of G acting on Ω if fixΩ(g) is the empty set. In particular, if Gα is the
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subgroup of G then we define c(H) to be the union of the G-conjugacy classes of H .
In this paper we are interested in the case that a finite group G has two transitive permutation
representations, on Ω1 and on Ω2, with the same set of fixed-point-free elements. Let H be a
stabilizer of a point of Ω1 and let K be a stabilizer of a point of Ω2. By the previous paragraph
the set of fixed-point-free elements in both actions is the same if and only if c(H) = c(K).
If G is a finite group and H is a subgroup of G we will denote by 1GH the permutation character
of G on G/H , in other words 1GH (g) = fixG/H (g).
Note that if G has two subgroups H and K such that 1GH = 1GK then the fixed-point-free ele-
ments of G on G/H equal the fixed-point-free elements of G on G/K . Furthermore, if 1GH = 1GK
then G has the same degree in both actions.
Apart from purely theoretical reasons, the importance of the question of whether c(H) = c(K)
for some H,K ⊆ G relies on algebraic number theory. Namely the triples (G,H,K) satisfying
c(H) = c(K) can be used to construct different algebraic number fields with some arithmetical
similarities, see [9] and ˇCebotarev’s density theorem [7].
2. Permutation character in nilpotent groups
In this section we are concerned with the case that G is a nilpotent group. We state the main
result of this section.
Theorem 1. Let G be a nilpotent group of class 2, and let H,K be subgroups of G such that
c(H) = c(K). Then there exists a nilpotent group Q of class 2 such that Q contains G as normal
subgroup and that H are K are conjugate in Q. In particular H and K are isomorphic.
We are going to prove this theorem with a series of lemmas and remarks. As any nilpotent
group is direct product of its Sylow subgroups we may as well assume that G is a p-group. So,
from now on, in this section, G will denote a p-group.
Lemma 2. Let G be a finite p-group with subgroups H and K such that c(H) = c(K). Let N be
a normal subgroup of G.
(1) c(HN) = c(KN);
(2) |H | = |K|; and
(3) if H and K are abelian then H ∼= K .
Proof. (1) It is a trivial remark.
(2) Let Z be the centre of G, i.e. Z = ξ(G). Clearly Z ∩H = Z ∩K . By (1) we get c(ZH) =
c(ZK) and so by induction (working in G/Z) we have |HZ| = |KZ|, whence |H | = |HZ :
Z ∩H | = |K|.
(3) The third statement follows by applying (2) to the subgroups of H and K consisting of
elements of order pb for each b. 
This easy remark has as a consequence that the set of fixed-point-free elements in a permuta-
tion p-group determines the degree of the action. Something more exciting is true in a large class
of p-groups.
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of G. If c(H) = c(K), then hG ∩H and hG ∩K are conjugate for every h ∈ G and in particular,
1GH = 1GK .
Proof. Suppose that h lies in H . Now some conjugate of h is in K and we may assume, by
conjugating K , that h lies in K . Note that hG = h[h,G] and that [h,G] ⊆ ξ(G). Thus hG ∩H =
h(H ∩ [h,G]) = h(K ∩ [h,G]) = hG ∩K . Now it is trivial to prove that 1GH = 1GK . 
Note that, in particular, Proposition 3 says that if G has nilpotency class at most 2 then c(H) =
c(K) if and only if 1GH = 1GK .
Let G be a finite p-group. A basis for G is a set of elements g1, . . . , gn such that g1, . . . , gn
in G/Φ(G) are a basis.
Lemma 4. Let G be a finite p-group of class 2 with basis g1, . . . , gn. Let zi ∈ G′, for 1 i  n,
such that (gizi)ei = geii , where ei is the order of gi in G/G′. Then there is an automorphism σ
of G that is trivial on G/G′ and on G′ with σ(gi) = σ(gizi).
Proof. It is straightforward to verify that the obvious well-defined map is a homomorphism.
Since it is the identity on both G/G′ and G′, it is injective. 
Corollary 5. Let G be a p-group of class 2 with subgroups H and K of G such that c(H) =
c(K). Then there is an automorphism σ of G that is the identity on G/G′ and G′ with σ(H) = K .
Proof. By the Smith normal form, we can choose a basis g1, . . . , gn for G, positive integers fi
and wi ∈ G′ ∩H such that H = 〈gf11 w1, . . . , gfnn wn,H ∩G′〉. Since c(H) = c(K), we have K =
〈gx1f11 w1, . . . , gxnfnn wn,H ∩G′〉 with xi ∈ G. By the previous result there is an automorphism σ
of G that sends gi to gxii for each i that is the identity on G/G′ and G′. It follows that σ(H) ⊆ K
and since |H | = |K|, we get σ(H) = K , as required. 
Proof of Theorem 1. Let σ be the automorphism of G that we have constructed in Corollary 5.
Note that σ has order a power of p. Set Q = G  〈σ 〉. Now, as σ acts trivially on G′ and on
G/G′, we get [G,σ ]  G′, thus [Q,Q]  G′ and [Q,Q,Q] = 1. The group G is a normal
subgroup of Q and H is conjugate to K in Q. This concludes the proof. 
We note that the 138th group G in the SmallGroup GAP library of order 64 and nilpotency
class 3 has two subgroups H,K such that c(H) = c(K) but 1GH = 1GK . So, from the nilpotency
class point of view Proposition 3 is the best possible.
The 14765th group G of order 256 in the SmallGroup GAP library has nilpotency class 3,
moreover, it has two subgroups H,K or order 16 with nilpotency class 1 and 2, respectively,
such that c(H) = c(K). So if the nilpotency class of G is at least 3 then H,K do not even have
the same nilpotency class. Therefore, in this context Lemma 2(3) is the best possible.
We remark that whenever M is a p-group with an outer class preserving automorphism ϕ then
the group G = M ×M has two nonconjugate subgroups H,K such that c(H) = c(K) (or better,
1GH = 1GK ). Indeed, it is enough to take {(x, x) | x ∈ M} as H and {(x, xϕ) | x ∈ M} as K . In spite
of this construction the 1199th group G of order 128 in the SmallGroup GAP has nilpotency
class 2 and two subgroups H and K of order 8 such that c(H) = c(K), but H and K are not
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the invaluable help of [4].
We conclude this section remarking that if H,K are subgroups of G with c(H) = c(K) and
|G|  p5 then H and K are conjugate in G, while if |G|  p6 then H and K are isomorphic,
see [10].
3. Some examples and a conjecture
In this section we study the equation c(H) = c(K) in more generality.
If c(H) = c(K) with H,K maximal subgroups of G then H need not to be conjugate to K
in G. For instance, consider the projective special linear group, PSL(n, q), acting on the points
and on the hyperplanes of the projective geometry. The respective point stabilizers are isomorphic
but not conjugate.
Another example is M23. This group has two maximal nonisomorphic subgroups inducing the
same permutation character, cf. [3]. In particular, M23 acts as a primitive group of degree 253
and rank 3 in both actions. The point stabilizers are PSL(3,4)C2 and V  Alt(7), where C2 is
a cyclic group of order 2 and V is an elementary abelian 2-group of order 16. Further examples
of this phenomenon can be found in the ATLAS [3].
Let us restrict our attention to soluble groups for a while.
Proposition 6. Let G be a finite soluble group and H a maximal subgroup of G. Suppose K is a
subgroup of G such that c(H) = c(K) then Kg H for some g in G.
Proof. By induction on |G|. Let A be a minimal normal subgroup of G. If A is a subgroup of H
then c(H/A) = c(AK/A). By induction, Kg  (AK)g H for some g in G, thus the result. In
particular we may assume that H is a core-free subgroup of G.
If A is not contained in H then G = c(AH) = c(AK) and so, we get G = KA. Further, as
H ∩A = 1, we have K ∩A = 1, therefore H and K are complements of A in G.
Consider CH = H ∩ CG(A). The group CH is a normal subgroup of G contained in H , so
CH = 1. Therefore H ∩ A = 1 and CG(A) = A, so this is just the fact that H 1(H,A) = 0 (H is
soluble and A is an irreducible faithful H -module). Hence H and K are conjugate in G. 
As an application of Proposition 6 we get the following well-known result, see [1].
Corollary 7. If H and K are maximal subgroups of a finite soluble group G and c(H) = c(K)
then K is conjugate to H in G.
Proof. By Proposition 6, Kg H for some g in G. Since K is maximal in G we get Kg = H .
In particular, Proposition 6 yields the well-known result: in a soluble group G, if H is a
maximal subgroup of G and K is a subgroup of G such that 1GH = 1GK then K is conjugate to H
in G.
It was asked by Wielandt whether there are examples with H maximal in G and K not maxi-
mal such that 1GH = 1GK . R.M. Guralnick and J. Saxl proved in [5] that this can happen, or more
precisely: there exist infinitely many finite simple groups G with a maximal subgroup H and a
nonmaximal subgroup K satisfying 1G = 1G .H K
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of G, then c(H) = c(K) if and only if 1GH = 1GK . Even this is false for nonsoluble groups. There
are several examples of primitive simple groups in which the set of fixed-point-free elements
does not identify the permutation character. For example, consider A5 in its natural action and
in the action on 2-sets. Clearly the set of fixed-point-free elements in these actions is the same
but the permutation characters are distinct, they do not even have the same degree. Many other
examples can be found in the ATLAS, e.g. M11 with actions of degree 55 and 165, M22 with
actions of degree 77 and 231, J1 with actions of degree 1045 and 4180.
The following proposition gives us an infinite family of examples.
Proposition 8. Let n 2. Let G = PSL(2,2n), and let H and K be the stabilizer of a point and
of an unordered pair of points of the projective line. Then c(H) = c(K), H and K are maximal
subgroups of G and 1GH = 1GK .
Proof. Set P and Q distinct points in the projective line. H , the stabilizer in G of the point P ,
is a Frobenius group, while K , the stabilizer in G of the unordered pair {P,Q}, is a dihedral
group. Any element of K fixes some point of PF2n , therefore any element of K is conjugate to
some element of H . Vice versa, if the characteristic polynomial of an element of H has two
distinct roots then it fixes two points, and so an unordered pair. Furthermore, if the characteristic
polynomial of an element x of H has a unique root then x is an element of order 2. Now, as
the Frobenius complement acts transitively on the elements of order 2 in a Sylow 2-subgroup we
get that x has a conjugate in K . Finally, it is well known that H and K are maximal subgroups
of G. 
Remark. Note that if G,H,K are as in Proposition 8 then 1GK − 1GH is a character of G. In all
the other examples known to us, for example M11,M22, J1, we have that 1GK − 1GH or 1GH − 1GK
is a character. We do not have examples in which the set of fixed-point-free elements is the same
but the permutation characters are incomparable.
We make the following conjecture:
Conjecture 1. Let H and K be maximal subgroups of a finite group G. If c(H) = c(K) then
1GH and 1
G
K are comparable characters, i.e., if 1
G
H = 1GK then either 1GH − 1GK or 1GK − 1GH is a
character.
We begin attacking the conjecture reducing the problem to the case of a primitive permutation
group. Then, using the O’Nan–Scott theorem (see [2, p. 105]), we attack the problem case-by-
case.
Let G be a finite group and let H,K be maximal subgroups of G such that c(H) = c(K). Set
A the core of H in G. Then H/A,K/A are maximal subgroups of G/A and c(H/A) = c(K/A).
So, by an easy induction on |G|, we may as well assume A = 1. This proves that we may as well
assume that G is a primitive permutation group in both actions.
Now, let N denote the socle of G. If N is a regular subgroup of G in the action on G/H then
1 = H ∩N = K∩N and hence N is a regular subgroup of G in the action on G/K . Now, to prove
that 1GH = 1GK it suffices to prove it on the restriction to the elements of H . Let x be an element
of H and g an element of G such that xg ∈ K , then 1GH (x) = |CN(x)| = |CN(xg)| = 1GK(x). This
shows that our conjecture holds if the socle of G acts regularly on G/H .
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Proposition 9. Let H,K be maximal subgroup of G such that c(H) = c(K). If G acting on G/H
is of “diagonal type” then G on G/K is of “diagonal type.” Moreover, 1GH = 1GK .
Proof. Let N = T m be the socle of G, then, without loss on generality, we may assume N ∩H =
Δ(N) = {(t, . . . , t) ∈ N | t ∈ T }. Consider πi , the ith projection of N onto T . Then πi|N∩K is
injective, as an element in the kernel should have a conjugate in Δ(N). Now, if πi|N∩K is not
surjective then |N : N ∩ K| > |T |m−1. So, as a primitive permutation group acting on G/K ,
G has degree bigger than |T |m−1. Thus, using the O’Nan–Scott theorem, we get that G is a
primitive subgroup of the wreath product U wrΓ Sym(Γ ) with the product action and |Γ | = m,
where U is a primitive group with soc(U) ∼= T . But then the base subgroup B contains the socle
of G and so, in this action, B ∩ K = {(f,1) ∈ B | f (γ ) ∈ Uδ0}, where K is the stabilizer of
Φ :γ 
→ δ0. Now, clearly, πi|N∩K is not injective.
We have proved that πi|N∩K is surjective, and hence an isomorphism for every i. So the action
of N on G/K is equivalent to the diagonal action of N . Since G normalizes N , the group G on
G/K is permutation isomorphic to the group of diagonal type G on G/H . 
It remains to prove Conjecture 1 when G is an almost simple group and when G on G/H
is a primitive subgroup of a wreath product W = AwrB in its product action where either A is
almost simple or A is of “diagonal type.”
Firstly we study primitive subgroups of wreath products in product action. The reader may
follow Theorem 1 and Theorem 2 of [8] for the remaining part of this section.
Let G be a primitive subgroup of the permutation group W = H wrΓ K in its natural product
action on Ω = Fun(Γ,Δ), where K is a transitive permutation group on Γ and H is a nonregular
primitive permutation group on Δ. Assume H has a simple socle T and let B = HΓ be the base
group of W , in particular the socle S of G is the direct product of |Γ | minimal normal subgroups
Tγ isomorphic with T . Note that S and the groups Tγ do not depend on the permutation repre-
sentation of G. Let T be the set {Tγ | γ ∈ Γ }. The group G acts transitively by conjugation on
T with kernel GT = G ∩ B . In particular, replacing K with a transitive subgroup, we have that
the action of G on T is permutation isomorphic to the action of K on Γ . Therefore K and its
action are group theoretic determined by G.
Let L be a minimal normal subgroup of S. As the group G is a blow-up of H , the group
NG(L)/CG(L) is isomorphic with H , see [8], in particular this proves that H is group theoretic
determined by G, see [8].
Now, let G be a group with two distinct primitive permutation representations on Ω1 and Ω2.
Assume that in both actions G is endowed of the product action, i.e., G ⊆ H1 wrΓ1 K1 and G ⊆
H2 wrΓ2 K2. So G is a blow-up of H1 and a blow-up of H2. Assume that G has the same set of
fixed-point-free elements in both actions.
Case A. Assume that H1 is an almost simple group with nonregular socle.
Note that H2 is an almost simple group with nonregular socle. For if H2 is not almost sim-
ple then it is of “diagonal type” and hence the minimal subnormal subgroups of G would be
semiregular subgroups, contradicting the fact that H1 is an almost simple group with nonregular
socle.
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may assume that K1 = K2, Γ1 = Γ2 and H1 ∼= H2 ∼= NG(L)/CG(L) for a minimal subnormal
subgroup L of G. The fixed-point-free elements of NG(L) on Ω1 and Ω2 are the same. This
yields that NG(L)/CG(L) has the same fixed-point-free elements on Δ1 and on Δ2. Assuming
that the conjecture holds for almost simple groups, we get that the permutation characters of
NG(L)/CG(L) on Δ1 and on Δ2 are comparable. Now it is fairly easy to see that the permuta-
tion characters of (NG(L)/CG(L))wrΓ K on Ω1 = Fun(Δ1,Γ ) and on Ω2 = Fun(Δ2,Γ ) are
comparable. Therefore the same conclusion holds for the group G.
Case B. H1 is of “diagonal type” in its action on Δ1.
Note that the socle of Hi in G can be determined by the set of fixed-point-free elements of G
on Ωi . This shows that the socle of H1 and H2 in G coincide up to conjugation and they do not
depend on the permutation representations of G but just on G and on the set of fixed-point-free
elements. This yields that we can argue as in Case A (use the socle of H1 rather then a minimal
subnormal subgroup of G for the group L). Using [8] and Proposition 9 we get that the two
permutation characters of G are equal.
Summing up so far we get the following theorem.
Theorem 10. A minimal counterexample to Conjecture 1 is an almost simple group.
To support further our conjecture we note that if G = Sym(Ω) or Alt(Ω), H,K are subgroups
of G with c(H) = c(K) and H is imprimitive or intransitive in the action on Ω , then H and K
are conjugate in G, see [10].
We conclude by remarking that Section 3 is closely related to the last section of [6] where
some stronger results are proved with slightly different hypothesis.
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